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In this study, a global/local analysis strategy for partly wrinkledmembranes is presented. In the global analysis, a

relatively coarse membrane element mesh is used to calculate in-plane displacements and stresses. The local shell

analyses are then performed selectively for the wrinkled region to calculate the detailed wrinkle deformation.

Solutions from the globalmodel are used to derive the boundary conditions for the localmodel. In the global analysis,

the penalty-parameter modified material modeling approach is employed for wrinkled membranes. The wrinkle

deformation is obtained froma local nonlinear post-buckling shell analysis using refinedmeshes seededwith random

geometric imperfection. In the numerical calculation, the global/local analysis procedure is illustrated for a corner-

loaded square membrane. The accuracy of the global/local procedure is established by comparing the results with

those of conventional shell analysis, and themesh convergence and global/local boundary conditions are also studied.

Nomenclature

Dij = stiffness
D�

ij = modified stiffness
E = Young’s modulus
P = penalty parameter
Sij = compliance
T1, T2 = corner loads
t = membrane thickness
u, v, w = displacements
�T , �W = taut and wrinkled boundaries
"max, "min = major and minor principal strains
�x, �y, �z = rotation degrees of freedom
� = Poisson’s ratio
�max, �min = major and minor principal stresses

I. Introduction

R ECENTLY, thin membranes have been extensively considered
for use in lightweight gossamer space structures. Thin

membranes are exceptionally light in mass and can be packaged into
very small volumes. Having vanishingly small bending stiffness,
however, they buckle almost immediately when subjected to
compressive stress, which is called wrinkling. Along with large
displacement behavior due to the underconstrained nature of thin
membrane structural system, the wrinkling behavior provides a
major computational challenge.

In the finite element analysis of membrane wrinkling, two
approaches have been developed. The first is to use membrane
elements and predict fictitious smooth surface that accounts for the
wrinkle deformation in an averaged sense. Roddeman et al. [1–3]
employed the modification of the deformation tensor to obtain the

smooth surface that produced the correct stress state of a membrane
after wrinkling. This method was further developed by other
researchers (e.g., [4–6]) to study the behavior of wrinkled
membranes. The averagedwrinkle deformationwas also obtained by
modifying material properties. For this, Miller et al. [7] applied
Poisson’s ratio modification, and Miyazaki and Nakamura [8] and
Liu et al. [9] developed stiffness/compliant matrix modification
modeling to simulate the compression free wrinkle state. The latter
has been successfully implemented to the commercial FEM code
ABAQUS as a user subroutine.

Another approach to the membrane wrinkling problem is to
perform nonlinear post-buckling analysis using thin shell elements
and explicitly predict the detailed wrinkle deformation. In this case,
the shell element meshes are seeded with initial geometrical
imperfection to instigate the out-of-plane deformation. Wong et al.
[10] and Su et al. [11] performed eigenvalue analysis first, and then
used a combination of several eigenmodes as the imperfection.
Tessler et al. [12] obtained the wrinkle deformation initiated by
random imperfection.

For very thin membranes, the out-of-plane stress components are
negligible and only the in-plane stress components are important.
Thus, from a strength point of view, often the membrane element
analysis suffices. This, however, cannot offer any detailed wrinkle
information in the out-of-plane direction, which is needed, for
example, when one tries to investigate the effect of wrinkles on solar
sail thrust performance [13] and control [14]. The shell analysis,
though providing detailed wrinkle information, can be very costly.
To have reasonable wrinkle shapes, one has to use refined meshes
with a large number of nodes. In addition, the wrinkling can occur in
high frequency modes, which can only be represented by highly
refined meshes, requiring huge computer resources.

In this study, a global/local analysis strategy for partly wrinkled
thin membranes is presented. In the global analysis, a relatively
coarse membrane element mesh is used to calculate in-plane
displacements and stresses. The wrinkled region is also predicted in
this analysis. The local shell analyses are performed selectively for
the wrinkled region to calculate the detailed wrinkle deformation.
Solutions from the global model are used to derive the boundary
conditions for the local model. In the global analysis, the penalty-
parameter modified material modeling approach [9] is employed for
the wrinkled membrane. The wrinkle deformation is obtained from a
local nonlinear post-buckling shell analysis using refined meshes
seeded with random geometric imperfection.

Presented as Paper 1977 at the 46th AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics and Materials Conference, Austin, Texas,
18–22 April 2005; received 7 July 2005; revision received 3 March 2006;
accepted for publication 15March 2006. Copyright © 2006 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code $10.00 in
correspondence with the CCC.

∗Professor, Department of Structural Systems & CAE. Member AIAA.
†Professor and Head, Department of Mechanical and Industrial

Engineering, 220 Robert Hall, P.O. Box 173800. Associate Fellow AIAA.

JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 43, No. 5, September–October 2006

1101



In the following, the global/local analysis procedure is first
described, with the derivation of the local boundary conditions
(LBC). Then, it is illustrated using a square membrane model in
predicting the wrinkle deformation. The procedure is investigated to
establish its accuracy by comparing the results with those of
conventional shell analysis. The effects of global/local boundary
conditions, membrane thickness, and applied load level on the
wrinkling behavior are also presented.

II. Global/Local Analysis

Global/local finite element analysis is often used to study the stress
distribution in a small portion of structures in great detail. There are
several forms in the global/local method in the literature (e.g., [15–
17]). The global/local analysis procedure employed in this study uses
separate meshes: a relatively crude global membrane element mesh
to obtain the overall response of the structure and refined local shell
element meshes to obtain the detailed wrinkle deformation shapes.

Figure 1 shows the procedure of defining of local region and
global/local boundary conditions for a corner-loaded square
membrane. First, a global analysis is performed to predict the
wrinkled region. For this, a membrane element mesh is used with the
wrinkle subroutine by the penalty-parameter modified material
model [9]. In Fig. 1a, the wrinkled region is plotted. Here, the
element is color-coded as taut, partly wrinkled, or wrinkled as per the
stress/strain states at the integration points of the element. In this
figure, one can see that under the unsymmetric loading condition
localized wrinkling occurred near the corner regions, with two
corners having larger wrinkled area. At this point, all the in-plane
solutions needed for structural design become available.

To obtain the detailed wrinkle deformation, one could remodel the
whole membrane with shell elements and perform post-buckling
analysis. For partlywrinkledmembrane problems like the one shown
in Fig. 1a, however, the detailed shell analysis is needed only for the
region where the wrinkling is predicted to occur. In this case, one can
identify the local regions of interest, model the region with refined
shell elements, and perform the analysis. This is done by the
following procedure:

1) Perform global analysis using membrane elements.
2) From the distribution ofwrinkled region predicted by the global

solution, identify and model the region(s) of interest with refined
shell elements.

3) Derive local boundary conditions from the global solution and
apply these to the local mesh.

4) Perform geometrically nonlinear post-buckling analysis for the
local shell mesh.

Figure 1b shows that the global/local boundary can be divided into
taut and wrinkled boundaries from the global solution. The in-plane
displacement boundary conditions are directly derived from the
global solutions. However, more consideration is needed to specify
the rest of the local boundary conditions due to the incompatibility of
degrees of freedom, because different element types with different

number of degrees of freedom are used in the global and local
analyses. In this study, it is thought that the w-displacement can be
constrained to be zero for the nodes in the taut boundary, whereas it is
unconstrained for those in the wrinkled boundary. The same
reasoning can be applied to the rotations. However, preliminary
study showed boundary conditions on the rotation degrees of
freedom do not have significant effect when thickness is small, thus
they are all set free herein. In short, the global/local boundary
conditions used are:

1) In-plane displacements (u, v) calculated from the global
solution are specified on �T � �W .

2) Out-of-plane displacements (w) are constrained on �T , and
unconstrained on �W .

3) All rotations ��x; �y; �z� are unconstrained on �T � �W .
In this study, other boundary conditions were considered and the

effect of boundary conditions on the wrinkling is discussed in
Sec. IV. The preceding boundary condition is named as LBC1 for
distinction.

It should also be noted that because the local mesh usually has
much higher mesh density than the global mesh, there is no one-to-
one match between the global and local nodes at the global/local
boundary. In this study, cubic spline interpolation of the global in-
plane displacements was performed to calculate the displacements
for the local boundary nodes.

III. Finite Element Meshes

The global/local analysis strategy was applied to a square
membrane. Figure 2 shows the configuration of a 500 � 500 mm
square membrane loaded at the corners through cables. The material
properties are E� 3:5 GPa, �� 0:3, and the thickness is 10 �m.
The corners are cut off with the edge length of 14 mm and 1.5-mm-
diam steel pins are attached to spread the load. The loads are applied
at the tip of 1-mm-diam Kevlar cables with the elastic modulus of
70.3 GPa. The length of the cables is 49.5 mm.

The square membrane was analyzed using ABAQUS. It was
modeled with membrane elements (M3D4/M3D3) in the global
meshes (GM), and shell elements (S4R5/S3R) in the local meshes
(LM). For comparison, the whole membrane was also modeled with
shell elements and named as conventional meshes (CM). In all cases,
the steel pins were modeled with beams (B31), and cables with rods
(T3D2).

Figure 3 shows example global and local meshes. The local mesh
in Fig. 3b is for the region marked by the dotted line in the global
mesh in Fig. 3a. Tables 1 and 2 summarize the number of elements.
Note that the global membrane meshes are the same in shape as the
conventional ones but differ in element types, thus the mesh
information is only listed for the latter in Table 1. The meshes are
numbered in such away thatCMis andLMis are the same in element
sizes, i.e., have the same mesh density in the local region. The global
mesh GM1 in Fig. 3a corresponds to CM1 with replacing shells by
membranes in element types. The largest local mesh considered was
LM9 modeled with 87,132 shell elements. It would require a
prohibitively large number of more than 700,000 shell elements if
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Fig. 1 Defining the local region: a) wrinkled area and b) definition of

local boundaries (E� 3:5 GPa, �� 0:3, t� 10 �m, T1 � 22:5 N,
T2 � 30 N).

14mm

Steel pin          
(r =0.75mm)   

49
.5m

m

Kevlar cable   
(r =0.5mm)   

T2

T1

T2
T1, d1

500mm

50
0m

m

x

y

(t=10 m)

T2, d2

14mm

Steel pin          
(r =0.75mm)   

49
.5m

m

Kevlar cable   
(r =0.5mm)   

T2

T1

T2
T1, d1

500mm

50
0m

m

x

y

x

y

(t=10 µm)

T2, d2

Fig. 2 Corner-loaded square membrane.

1102 WOO AND JENKINS



one should try modeling a conventional mesh with the same mesh
density.

IV. Numerical Results

As described previously, the global analysis was performed using
membrane element meshes, in which the wrinkling was accounted
for by the penalty-parameter modified material modeling approach.
The detailed wrinkle deformation was obtained from local nonlinear
post-buckling analyses with refined shell element meshes. To
instigate wrinkling, the meshes were seeded with random geometric
imperfection [12], and *STATIC, STABILIZE option was used to
stabilize the solution procedure in ABAQUS.

A. Comparison of Conventional vs Global/Local Results

Figure 4 compares the global/local and conventional deformed
meshes for the 10 �m thickness square membrane when the applied
loads were T1 � 22:5 N and T2 � 30 N. The figure shows the
wrinkle deformation at the T2-corner, which was the upper-right
corner in Fig. 1. (In fact, Fig. 1 shows the distribution of wrinkled
elements by the global analysis for the current load condition.) In this
figure, only the out-of-plane displacement component was plotted
for better viewing. The results were obtained using GM1� LM5, i.
e., 5092 membrane, 8 beam, and 1 rod elements for the global
analysis, and 15,200 shell, 10 beam, and 1 rod elements for the local
analysis. The conventional shell analysis was also performed for
comparison using 125,380 shell, 40 beam, and 4 rod elements
(CM5). (This clearly indicates that the global/local analysis saved
computational resources significantly.) For fair comparison, the

mesh density of the local mesh was kept to be the same as that of the
conventional mesh. For both the conventional and local meshes,
randomgeometrical imperfectionwith themagnitude of 0.01%of the
membrane thickness was applied to the internal nodes. As can be
seen in Fig. 4, thewrinkle deformation shapes obtained by the global/
local analysis were in excellent agreement with that of the
conventional analysis. The wrinkle pattern and wrinkled region
matched very well. For better comparison, the out-of-plane
displacement was plotted along the AA0 line crossing the middle of
the local region in Fig. 5. (TheAA0 line is defined in Fig. 5a,where the
distance along the AA0 line is denoted by s.) These results indicate
that the global/local analysis predicted the detailed wrinkle
displacements very accurately. The difference in the maximum
wrinkle heights between the global/local and conventional analyses
was only 3.34%.

B. Mesh Convergence Study

The mesh convergence analyses were performed for the global/
local meshes. This was done for 10 �m and 2 �m thickness models.
For the 2 �m thickness model, the applied loads were scaled
accordingly to T1 � 4:5 N and T2 � 6 N. The steel pin and cable
diameters were kept the same as the 10 �m thickness model.

Figure 6 shows the convergence of thew-displacements along the
AA0 line. These were calculated using GM1� LMi meshes. As can
be seen in this figure, good convergence was obtained even with
moderately refined local meshes for the 10 �m thickness model.
However, the convergence was much slower for the 2 �m thickness
model. The convergence was not achieved until the use of very
refined meshes of LM8 and LM9. This was due to the increase in the
number of wrinkles as the thickness decreased that required a large
number of elements to represent the fine details of the wrinkle
deformation.

Figure 7 shows the contour plots of wrinkle deformation shape for
the models with different thicknesses. These were calculated using
GM1� LM9meshes. As was seen in Fig. 6, a much finer and wider
wrinkle pattern occurred as the membrane became thinner, which
clearly indicated the thinner membrane required highly refined
meshes for convergence. In addition, one can observe that unlike the
10 �m thickness membrane, the 2 �m thickness membrane had
wrinkle pattern fanning out from the edges of the steel pin attached to
spread the load, and thus, had two maximum wrinkle peaks occur

5,092 membrane, 8 beam, and 4 
rod elements 

5,502 shell, 6 beam, and 1 
rod elements

5,092 membrane, 8 beam, and 4 
rod elements 

5,502 shell, 6 beam, and 1 
rod elements

a)                                                       b) 
Fig. 3 Example meshes: a) global (GM1) and b) local (LM3).

Table 1 Number of elements: conventional mesh

S4R5=S3R B31 T3D2

CM1 5,092 8 4
CM2 20,176 16 4
CM3 45,252 24 4
CM4 80,320 32 4
CM5 125,380 40 4

Table 2 Number of elements: local mesh

S4R5=S3R B31 T3D2

LM1 628 2 1
LM2 2,462 4 1
LM3 5,502 6 1
LM4 9,748 8 1
LM5 15,200 10 1
LM6 21,858 12 1
LM7 38,792 16 1
LM8 60,550 20 1
LM9 87,132 24 1

Fig. 4 Comparison of wrinkle shapes: a) conventional and b) global/

local.
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Fig. 5 Comparison of wrinkle displacements along AA0 line:

a) definition of AA0 line, and b) wrinkle displacements.
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away from the diagonal region of themembrane, i.e., the midpoint of
theAA0 line. This can be seenmore clearly from Fig. 6, and indicated
that the wrinkle pattern of the 2 �m thickness membrane was more
sensitive to how the load was applied. Note that the shape of the
wrinkled region of the thinner model became more similar to that
predicted by the global analysis with wrinkle modeling (see Fig. 1b).

C. Effects of Boundary Conditions on Global/Local Results

The effect of global/local boundary conditions was investigated.
In addition to the boundary condition LBC1 described in Sec. II, we
considered two more boundary conditions LBC2 and LBC3 as
shown in Fig. 8. This was to try constraining less or more of the out-
of-plane displacement at the global/local boundary. As in LBC1, the
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Fig. 6 Convergence of wrinkle displacements along the AA0 line: a) t� 10 �m and b) t� 2 �m.
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Fig. 9 Contour plots of wrinkle displacements with different boundary conditions for 10 �m thickness model: a) LBC1, b) LBC2, and c) LBC3.

1104 WOO AND JENKINS



in-plane displacements were interpolated from the global membrane
solution and the all rotations were unconstrained at the global/local
boundary nodes. In LBC2, thew-displacements were unconstrained
except a small portion (�1) near the middle of the boundary, whereas
these were constrained at all boundary nodes in LBC3.

Figures 9 and 10 show the contour plots of the wrinkle
displacements for the considered boundary conditions for 10 �m
and 2 �m thickness models. As can be seen in the figures, the
wrinkle contours were almost indistinguishable regardless of the
boundary conditions considered for the two models with different
thicknesses. The comparison of the w-displacements along AA0 line
was plotted in Fig. 11 for the 10 �m thickness model. For better
viewing, the figure was plotted for a tightly zoom portion which
corresponds to the second quarter of theAA0 line shown in Fig. 6. The
figure showed a very good agreement with all three curves falling on
top of each other. There occurred slightly more differences for the
2 �m thickness model as shown in Fig. 12; however, these were not
significant. These results suggested that prescribing w at the global/
local boundary would not be significant for partly wrinkled
membrane problems, as long as one modeled the local mesh to
include the wrinkled region, and thus the global/local boundary to be
reasonably away from it.

D. Load Level Effect

Next, the effect of applied load level was investigated. Figure 13
compares the wrinkle pattern for the 10 �m thickness membrane.
Figure 13b shows the wrinkle contour for the current load set of
T1 � 22:5 N and T2 � 30 N, and Fig. 13a for the reduced load set of
T1 � 22:5 N and T2 � 3 N. For the reduced load set, a very slight
amount of the out-of-plane displacements occurred, which could be
considered as a nucleation of wrinkling. In the figure, even the
geometric imperfection seeded initially to instigate the buckling was
visible.

Similar computations were done for the 2 �m thickness
membrane. In this case, the wrinkling deformation occurred even
under a very small load level as shown in Fig. 14. However, as the
loads were decreased, the wrinkle pattern becamemuch simpler with
a fewer number of wrinkles. The wrinkle height also decreased.

V. Conclusion

A global/local analysis strategy was developed to calculate
detailed wrinkle deformation of partly wrinkled thin membranes.
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Fig. 10 Contour plots of wrinkle displacements with different boundary conditions for 2 �m thickness model: a) LBC1, b) LBC2, and c) LBC3.
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different boundary conditions for 10 �m thickness model.
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0.0009

0.

-0.0009

(µm)
0.0009

0.

-0.0009

(µm)
24.1

0.01

-24.0

(µm)
24.1

0.01

-24.0

(µm)

a)                                                                     b) 
Fig. 13 Contour plots of wrinkle displacements at different load levels

for 10 �m thickness model: a) T1 � 22:5 N, T2 � 3 N; and b) T1�
22:5 N, T2 � 30 N.

15.2

-0.06

-15.4

(µm)
15.2

-0.06

-15.4

(µm)
12.2

-0.08

-12.3

(µm)
12.2

-0.08

-12.3

(µm)
5.53

0.08

-5.35

(µm)
5.53

0.08

-5.35

(µm)

         
a)                                                       b)                                                        c)
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T2 � 0:6 N; and c) T1 � 4:5 N, T2 � 6 N.
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First, the in-plane solutions were obtained from a global membrane
analysis with a relatively coarse mesh. Next, the global solution was
used to derive boundary conditions of the local problem where
detailed wrinkled shape was calculated by a geometrically nonlinear
post-buckling analysis. In the global analysis, membrane elements
were used with wrinkle algorithm based on a penalty-parameter
modified material model. In the local analysis, the wrinkle
deformation was calculated with shell element meshes seeded with
random geometric imperfections.

The global/local analysis procedure was applied to a corner-
loaded square membrane, and it was found that the mixing of
membrane and shell analyses in the global/local context was an
efficient way to calculate the wrinkle deformation while saving
huge computational resource. The accuracy of the global/local
procedure was established by comparing the results with those of
conventional shell analysis, and the mesh convergence and
global/local boundary conditions were also studied. The effect of
membrane thickness and the applied load level on the wrinkling
was investigated. It was found that more complex wrinkle pattern
with larger number of wrinkles was resulted in as the membranes
became thinner and the loads were higher, where highly refined
meshes were required to model the fine details of wrinkle
deformation.
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